Stress and Strain Tensors
Stress at a point.
Imagine an arbitrary solid body oriented in a cartesian coordinate system. A number
of forces are acting on this body in different directions but the net force (the vector
sum of the forces) on the body is 0. Conceptually slice the body on a plane normal to
the x-direction (parallel to the yz-plane). Take a small area on this plane and call it

AA, = AA X. Calculate the resolved force acting on this small area and call it AF.

AF = AF, + AF, + AF, = AF % + AF § + AF,2.

z
Notice that since AF is the total force acting only on AA,, the magnitude of AF will
change as AA, changes.
We can define three scalar quantities,

AF AF AF
cr=||m—a=7'=||m—yandcr=7'=llm Z,

X AA = 0AA, o AA—0AA, X2 AA—0AA,

The first subscript refers to the plane and the second refers to the force direction. If
we do the same conceptual experiment at the same location but in the y and z-direc-

tions, we obtain

AF
o, = lim —¥, = 7y = i =17, = lim £,
Wooaa,—0AA)] Tyx XA, —>0AA yz Y2 aA,—0AA,
AF, AF, . AF
o,, = lim — o, =1, = lim ,and o,y = 7,, = lim —
AA,—0AA,’ AA, —>0AA AA,—0AA,
For static equilibrium o, = o, 0, = 0,,,and o,, = o, resulting in six inde-

pendent scalar quantities. These six scalars arranged in an ordered 3 X 3 matrix

forms the stress tensor,

xx Ixy Ixz

g = 0 =
i] Oxy Oyy Oyz
Oxz Oyz Oz
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For example, the stress tensor for a cylinder with cross-sectional area A, in uniaxial

tension from force F is

_AE 00)
¢ = 0 = 0 if the cylinder axis and F are both parallel to the x-axis,
000
000
0 0 0
o = o, = |0 o ifthe cylinder axis and F are both parallel to the y-axis,
1) AO
000
000
and ¢ = oj; = 00 01 jfthe cylinder axis and F are both parallel to the z-axis.
00+
Ao

The sign convention for the stress elements is that a positive force on a positive face
or a negative force on a negative face is positive. All others are negative. As a final
example, a cube oriented so that its faces are perpendicular to the coordinate axes,

with an area per face of A, has the following forces applied to it: force F; applied to

the positive x face in the positive x direction, force F, applied to the positive y face in
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the positive y direction, and force F5 applied to the positive x face in the negative y

direction. The necessary forces to keep the cube form moving are applied to the other

faces. The resultant stress tensor is

Fi ZFs
AO AO
0'=O'ij=__|:3|:_0.
AO AO
0 0 0

Stress on a plane.
It is often necessary to calculate the stress on an arbitrarily-oriented plane with nor-

mal A inside a solid. A force balance on the tetrahedron formed by the intersection of

the plane with the coordinate axes provides the needed results. We define a stress

vector, s, defined as limit of the net force acting on the plane, F, per unit area as the
area shrinks to zero. This vector can be decomposed into the normal stress on the

plane (the force per unit area in the direction normal to the plane), s,,, and the shear
stress on the plane (the force per unit area in a direction lying in the plane), s, . It
can also be decomposed into components in the three coordinate-axis directions, s, ,
sy.ands,.

In other words, s = s, +s,+s, = s, X +s,y +s,Z. If we define the direction

cosines of N as

k =hAeX = cosa,l = A*y = cosB,andm = A*2 = cosv,
then
Sy = oK+ O'Xyl +oy,Mm, sy = O'ka+ O'yyl + oyzm,and

s, = o,,K+ O'yzl + o,,m,

E106 Stress and Strain Tensor Summary Page 3



+x

@

Sx Oxx Oxy Oxz| | k
Sy| = i T |oyy ayy gy, | |
SZ O-XZ O-yz O-ZZ m

dF, =~ 7 dF

A
b

"o

dF,
(a) (b)

Figure 1-1 Forces acting on an elemental area showing total force (a) and
resolved forces (b).
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Coordinate transformations and stress invariants.

It is often useful to know the stress tensor in a coordinate system that has been

rotated and/or translated with respect to the original coordinate system. We can

transform the coordinates, [ y Z]T into the coordinates, [y’ v Zr]T by use of a

transformation matrix, Q, where Q has the property Q_l = QT. In particular, a

rotation about the z-axis through an angle 6 is given by

X’ cos® sind O X
y'l = |—sinf® cosO O] |y|-
z' 0 0 1 Z

To get all of the elements of the stress tensor in the new coordinate system,

o = QO'QT
The above relationship is often used to define a tensor of rank 2. Several properties
of the stress tensor remain unchanged by a change in coordinates. These properties
are called invariants. These invariants are closely related to important quantities.

The first invariant, 1, is the trace of the matrix,

I, = o T oyt 0y,

The hydrostatic component of Tij (the part due to uniform pressure on all exterior
surfaces of the solid) is equal to 1,/3.

The second invariant, I, is given by

- 2 2 2 _ _ _
I2 - ny + Uyz + O7x Uxxo-yy o-yyo-zz O720xx -
The third invariant is

- _ 2 _ 2 _ 2
|3 - o-xxo'yya-zz + 20-xy0-yza-zx O'xxa-yz a-yyo-zx Uzzaxy'

A common question in stress problem is: Is there a coordinate system for which all of

the shear stresses disappear, and the remaining stresses are purely tensile or com-
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pressive? It turns out that there is. The resultant stresses are called the principal
stresses, the planes on which they occur are the principal planes, and the directions
of the resultant force components are the principal directions or principal axes. If we

call the principal stresses A, A,, and A5, then the problem appears as: Are there

values of A for which

Tyx — A Oxy Oxz
Det _ = 07
Oy Oy~ A 0Oy
Oxz Oyz  Ozz ™ A

The principal stresses are the eigenvalues and the principal directions are the eigen-

vectors. The eigenvalue problem can be rewritten in terms of the three invariants as

For any stress tensor, three real (but possibly not distinct) roots will result.

The Von Mises yielding criterion.

In a complex stress field it is not easy to determine if the stress has exceeded the
yield stress in the body. Von Mises proposed the following criterion: Yielding occurs
when the second invariant of the stress deviator exceeds some critical value.

The stress deviator is the stress tensor with the hydrostatic component removed, i.e.,

Oxx — h Oxy Oxz L L
D — 5. — = = Ixx T O 027
0] jj hi Tyy Oy~ h Ty, where h gy .
Xz Oyz Oz~ h

The second invariant of ai'J? is

_ 2 _ 2 _ 2 2 2 2
l, = (O O'yy) + (Uyy 0,,)¢+ (0, — 0)° + 6(0'Xy + oy, + O'XZ)’

6

which must be greater than some constant k2 for yielding to occur. In terms of the

yield stress, o, the criterion is
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=0

|:(O'XX - a'yy)2 + (oyy — 0,,)% + (0,, = 0,.,)% + 6(0)%y - 0'52 - U)%Z)T/Z
y

2

for yielding to occur.
The Strain Tensor.
Normal strain is the change in length in a given direction divided by the initial
length in that direction. Shear strain is the complement of the angle between two
initially perpendicular line segments. If you apply a force to a solid object you may
end up simultaneously translating, rotating and deforming the object. The vector
function which describes the difference between the initial position and the final
position of each point in the object is

u(x, y, 2)
ux,y,2) = |y(x,y,2)|-

w(X, Y, 2)

If we take the gradient of u we end up with a tensor

ou au Ju
IX dy 9z
Vu = |9V 9V ov],
Ix ay 9z
IW OW IW
19X 0y 9z,

For small strains we find that Vu + VuT = 2e€ where

€xx €xy €xz

€ = € = .
ki €yx €yy €yz

€zx €zy €22

The diagonal terms are the normal strains in the x, y, and z directions respectively.
The off-diagonal terms are equal to one-half of the engineering shear strain, e.g.,

€y = Yxy/2.INntermsof Vu,
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€., = l[a_uw_v]exz = l[auw_vv]ande = l[a_vw_w]

Y2y ox 29z ax 2257 Gy

As was the case with stress €, = = €,,and €, = €,,. We can determine

yX ny ' EyZ

the strains in a rotated coordinate system in the same way as for stresses. We can

transform the coordinates, [ y Z]T into the coordinates, [y’ y Zr]T by use of a

transformation matrix, Q, where Q has the property Q_l = QT . To get all of the

elements of the strain tensor in the new coordinate system, [e'] = Q[e]QT.
Relationship between stress and strain.

Every member of ¢, will cause a corresponding stress in ij - The relationship can

be written as gj; = Cjjy € - Writing out the first term explicitly should suffice to

j
explain the notation.

O-XX = c:XXXXGXX + Cxxxyexy + c:XXXZEXZ

+ Cxxyxny + Cxxyyeyy + Cxxyzeyz

+ CXXZX€ZX + CXXZ)/EZ)/ + CX)(ZZ€ZZ .

Fortunately only 21 of the 81 C;;,, -terms are unique. To simplify the notation, the

stress and strain tensors are rewritten as vectors. The simplified notation is known
as contracted notation. First the off-diagonal strain terms are converted to engineer-

ing shear strains.

€xx 2exy 2¢€y, Exx Yxy Vxz
2€yy €yy 26y, T | Yyx €y Vya|
2€,y 26zy €27 Yzx Yzy €2z

The resulting matrix is no longer a tensor because it doesn’t follow the coordinate-

transformation rules. Then the elements are renumbered.
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Oyx ny Oyxz 01 0g 05 €xx yxy Yxz €1 € €5
Tyy Oyy Tyz = |0 0y Oyl Yyx €yy Vyz ~ |€g €5 €4
Oxz Oyz 07z 05 04 03| | Vzx Vzy €22 €5 €4 €3

Then the matrices are written as vectors,

01 Oyx €1 €xx
g ag € €
2 yy 2 yy
01 0g 05 o o €1 € €5 . .
3 — 7z 3 — zz
Og Ty 04| = 1 | €g € €4 =
Oy ayz €4 yyz
Og Oy €5 Yxz
6] LTxy] €6 | Yxy,

Finally the relationships between the stress vector and the strain vector is

expressed.

01 Q11 Q12 Q13 Q14 Q15 Q| | €1
02 Q12 Q22 Q23 Q24 Q25 Qg | €2
Q13 Q23 Qa3 Qa4 Qa5 Qg | €3]
04 Qu4 Q24 Q34 Qus Qus Que| | €4
Os Q15 Q25 Q35 Qus Qss Qsgl | €5
06 _Q16 Q26 Q36 Qa6 Qse Qee_ €6

The materials-property matrix with all of the Q’s is known as the stiffness matrix.

Unfortunately Q is used for both the stiffness matrix and the coordinate transfor-
mation matrix. Don’t get them confused. The stiffness matrix is used when all of the
strains are known and the values of the stresses are to be determined. In the more
common case of the stresses being known and the strains to be determined, the
inverse of the stiffness matrix, called the compliance matrix, S, must be used.

The relationship between Q and S isthat S = Q1. There are a number of simpli-

fied cases for the stiffness and compliance matrices.
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€ S11 S12 Si13 514 S15 Sy6[ |01

€ S12 S22 S23 So4 So5 Sze| |02
€3] _ [S13 S23 S33 S34 Szs S3e| 03|
€4 S14 S24 S34 Sas Sus Sse| |04
€5 S15 S25 S35 S45 Ss5 Ss6| |05
€6 _816 S26 S36 Sa6 Ssp 566_ 06

Linear elastic isotropic materials:
The simplest materials are ones in which the properties do not vary with direction,

or linear elastic isotropic materials. In a linear elastic isotropic material character-

ized by Young’'s modulus, E, Poisson’s ratio, v, and the shear modulus,

G = __E__ the following relationships between the stress tensor and the strain
2(1 +v)
tensor hold:
€y = l[0’ —v(o,, t+ 0,,)]
XX EL XX vy zz/ 1>
_ 1
€y = E[O'yy — (o T 0,,)],
and
€,, = l[a' v(oy, + o,,)]
2z E- 22 XX yy/ 4o
also
Yoy = 26, = Ixv,
Xy xy G
Yxz = 26 = Iz,
G
and
ag
Yy, = 2€,, = 2¥Z
yz yz G
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It is left to the reader (usually on an exam) to wade through the alphabet soup and
determine the stiffness and compliance matrices for a linear elastic isotropic mate-
rial.

Linear elastic orthotropic materials:

For an orthotropic material (one in which the properties in the y- and z-directions are
the same but different in the x-direction, such as a composite material with the fibers

all oriented in the x-direction) the stiffness matrix has the form

Qll Q12 Q13 0 0
Q12 Q22 Q23 0 0
Q13 Q23 Q33 0 0
0 0 0 QO
0 0 0 0 Qg O

0 0 0 0 0 Qg

o O o o

and the compliance matrix has the form

S11 S12 S13 0 0
S12 S22 S23 0 0
SlS 823 833 0 0
0 0 0 S, O
0 0 0 0 Sg O
0 0 0 0 0 Sg

o O O o

Since the properties in the y and z directions are equal, the two-dimensional x,y-case
Is often considered when determining materials properties. In this case the stiffness-

matrix relationship becomes

Oyxx Q 11 Q 12 0 €xx
O'yy - Q12 Q22 0 eyy
ny 0 0 Q66 7xy

and the compliance-matrix relationship becomes
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env | = 1S5S, 0| o
0 0 Sgll o

XX

yy
Xy

First a uniaxial tensile test is performed in the x-direction. o, is applied and e,

and e, are measured. As always in a uniaxial tensile test, o,, = E¢,,,and

Ve = — vy, where E. is the elastic modulus in the longitudinal or x direction, and

EXX

vj; Is Poisson’s ratio for stress in the longitudinal direction and strain in the trans-

verse direction. By comparison with the compliance matrix, it is seen that

S, =1 andsS,, = —Mt.
1= 2 12 E.

cl

Next a uniaxial tensile test is performed in the y-direction. o, is applied and e,,,

yy

and €, are measured. As before,

and v, = —&x,where E, is the elastic modulus in the transverse
€
yy

o, = E.e€

yy yy'’

or y direction, and v,, is Poisson’s ratio for stress in the transverse direction and

strain in the longitudinal direction. By comparison with the compliance matrix, it is

seen that
Ect ct

A final test with pure shear gives the relationship

The interested reader should be able to determine the relationship between v, and

E106 Stress and Strain Tensor Summary Page 12



vy from the relationships S;, = =it and S;, = -t

cl ct

The structure of Q is not nearly so simply related to E |, E;, v|;,and v;, asis S,

ctr

but, as before, it can be determined from SQ = I,or S = Q1.
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